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0. Introduction 

This paper is the first in a series where we attempt to give a complete description of 
the space of all embedded minimal surfaces of fixed genus in a fixed (but arbitrary) closed 
Riemannian 3-manifold. The key for understanding such surfaces is to understand the local 
structure in a ball and in particular the structure of an embedded minimal disk in a ball in 
R^ (with the fiat metric). This study is undertaken here and completed in | |C1V16[ | ; see also 
CM8|] , [|CM9|] where we have surveyed our results about embedded minimal disks. These 



local results are then applied in [|CM7|| where we describe the general structure of fixed genus 
surfaces in 3-manifolds. 

We show here that if such an embedded minimal disk in R^ starts off as an almost fiat 
multi-valued graph, then it will remain so indefinitely. 

Let V be the universal cover of the punctured plane C\{0} with global (polar) coordinates 
(p, 9). An iV- valued graph S over the annulus -0^2 \-Dri (see fig. |l]) is a (single- valued) graph 
over 

{{p,d) G P|ri < p < ra and \d\ < tx N] . (0.1) 
The middle sheet S^"^ (an annulus with a slit as in [ UM3 1 ) is the portion over 

{(p, ^) G P I ri < p < ra and < ^ < 2 tt} . (0.2) 



X3-axis 




Figure 1. A multi- valued graph. 
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Theorem 0.3. See fig. ||. Given r > 0, there exist N,Q,e > so: Let f2ro < 1 < Ro/fl, 
S C Bjig C be an embedded minimal disk, dH C dB^^^ . If S contains an A^- valued graph 
Eg over Di \-Dr-o with gradient < e and C {x| < e^(a:^ +^2)}5 then S contains a 2-valued 
graph Erf over Dj^^^/q \ with gradient < r and (S^,)-'^ C E^. 




Figure 2. Theorem extending a 
small multi- valued graph in a disk. 




Small multi- valued graph near 0. 



Figure 3. Theorem ^ - finding a 
small multi- valued graph in a disk near 
a point of large curvature. 



Theorem p.3| is particularly useful when combined with a result from [|CM4|] asserting 
that an embedded minimal disk with large curvature at a point contains a small almost flat 
multi-valued graph nearby. Namely: 



Theorem 0.4. [|CMl . See fig. |. Given iV,a^ > 1, e > 0, there exists C = C{N,uo,e) > 
so: Let G C Br C be an embedded minimal disk, 9S C OBr. If sup^^ 

4:0"^ Tq'^ and |74p(0) = C^?"(7^ ioi some < tq < -R, then there exist R < tq/uj and (after a 
rotation) an A^- valued graph C S over D^ji\Dj^ with gradient < e, and distE(0, Eg) < 4 _R. 

Combining these two results with a standard blow up argument gives: 



Theorem 0.5. UMM. Given N e Z+, e > 0, there exist Ci, C2 > so: Let G c 



Bji C R be an embedded minimal disk, (9S C dBji. If max^^^ns |^| — ^^1^0 some 
< tq < -R, then there exists (after a rotation) an A^- valued graph C S over -D_r/c2 \ -D2ro 
with gradient < e and C {x| < (x^ + 3^2)}- 

The multi- valued graphs given by Theorem p.5| should be thought of (see [ pM6|| ) as the 
basic building blocks of an embedded minimal disk. In fact, one should think of such a disk 
as being built out of such graphs by stacking them on top of each other. It will follow from 



Proposition |II.2.12| that the separation between the sheets in such a graph grows sublinearly. 

An important component of the proof of Theorem |0.3| is a version of it for stable minimal 
annuli with slits that start off as multi-valued graphs. Another component is a curvature 
estimate "between the sheets" for embedded minimal disks in R^; see fig. |[ We will think 
of an axis for such a disk S as a point or curve away from which the surface locally (in an 
extrinsic ball) has more than one component. With this weak notion of an axis, our estimate 
is that if one component of S is sandwiched between two others that connect to an axis. 



then the one that is sandwiched has curvature estimates; see Theorem P^.0.8[ The example to 
keep in mind is a helicoid and the components are "consecutive sheets" away from the axis. 
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Between 
the sheets" 



Figure 4. The estimate between the 
sheets: Theorem 11.0.81. 



Theorems p.3| , |0.4| , p.5| are local and are for simplicity stated and proven only in 
although they can with only very minor changes easily be seen to hold for minimal disks in 
a sufficiently small ball in any given fixed Riemannian 3-manifold. 

The paper is divided into 4 parts. In Part |, we show the curvature estimate "between 
the sheets" when the disk is in a thin slab. In Part we will show that certain stable disks 
with interior boundaries starting off as multi-valued graphs remain very flat (cf. Theorem 
p. 31 ). This result will be needed together with Part | in Part |T| to generalize the results of 
Part I to when the disk is not anymore assumed to lie in a slab. Part ^ will also be used 
together with Part |TTT| in Part |V] to show Theorem QTS . 



Let xi,X2,X3 be the standard coordinates on R^ and 11 : R^ — > R^ orthogonal projection 
to {xs = 0}. For ?/ G C S C R^ and s > 0, the extrinsic and intrinsic balls and tubes are 

Bsiy) = {x eR^\\x -y\ < s} , T,(^) = {x e R^ | distR3(x, 5) < s} , (0.6) 

B,{y) = {x G S I distE(x, y) <s}, T,(5) = {x e S | distslx, S) < s} . (0.7) 

Dg denotes the disk Bs{0)r\{x3 = 0}. the sectional curvature of a smooth compact surface 
E and when S is immersed A-^ will be its second fundamental form. When S is oriented, 
ris is the unit normal. We will often consider the intersection of curves and surfaces with 
extrinsic balls. We assume that these intersect transversely since this can be achieved by an 
arbitrarily small perturbation of the radius. 

Part 1. Minimal disks in a slab 

Let 7p_q denote the line segment from p to g and the ray from p through q. A curve 7 is 
h-almost monotone if given y G 7, then B^h^y) H'j has only one component which intersects 
B2h{y)- Our curvature estimate "between the sheets" is (see flg. |]): 

Theorem 1.0.8. There exist ci > 4, 2c2 < C4 < C3 < 1 so: Let C i?ciro be an embedded 
minimal disk with 9S C dBc^ro and y G dB2ro- Suppose Si, S2, S3 are distinct components 
of BrfXy) n S and 7 C (-Bro U Tc^ro{lo,y)) n S is a curve with d'y = {2/1,2/2} where yi G 
i?c2 ro (y) n Si and each component of 7 \ Br^ is C2 ro-almost monotone. Then any component 
Eg of Bc.j,roi.y) ^ ^3 with 2/1, 2/2 in distinct components of Bc^roiv) \ ^3 is a graph. 



The idea for the proof of Theorem [1.0. 8| is to show that if this were not the case, then we 
could find an embedded stable disk that would be almost fiat and lie in the complement of 
the original disk. In fact, we can choose the stable disk to be sandwiched between the two 
components as well. The fiatness would force the stable disk to eventually cross the axis in 
the original disk, contradicting that they were disjoint. 
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Figure 5. yi, 1/2, Si, S2, S3, and 7 



in Theorem I.O.S 



In this part, we prove Theorem [1.0. 8| when the surface is in a slab, illustrating the key 
points (the full theorem, using the results of this part, will be proven later). Two simple facts 
about minimal surfaces in a slab will be used: (1) Stable surfaces in a slab must be graphical 
away from their boundary (see Lemma |I.0.9| below) and (2) the maximum principle, and 
catenoid foliations in particular, force these surfaces to intersect a narrow cylinder about 
every vertical line (see the appendix). 

Lemma 1.0.9. Let F C {\x^\ < /5 /i} be a stable embedded minimal surface. There exist 
Cg,Ps > SO if /3 < and E is a. component of \ Th(Il{dT)), then each component of 
Il~^{E) n F is a graph over E oi a. function u with | Vr2m| < Cg [3. 

Proof. If Bhijj) C F, H gives that jAp < /i"^ on 



sup |Vra;3| 



< Cg h^^ 



sup 

BH/2{y) 



>h/2{y)- Since Arx^ = 0, [|ChY|] yields 
\x3\<CgP, (LO.IO) 



where Cg = CgiCg). Since | VrzmP = [Vra^sP / (1 — iVr^sp), this gives the lemma. □ 

The next lemma shows that if an embedded minimal disk S in the intersection of a ball 
with a thin slab is not graphical near the center, then it contains a curve 7 coming close to 
the center and connecting two boundary points which are close in R'^ but not in S. The 
constant (3a is defined in ( |A.6|) . 

Lemma 1. 0.11. Let S^ C i?60/i H {l^sl ^ I^Ah} be an embedded minimal disk with (9S C 
dB^oh and let Zb G dB^oh.. If a component S' of fis/iflS is not a graph, then there are distinct 
components Si, S2 of Bsh{zb) fl S, e Bh/4{zb) n Si and a curve 7 C (^30^ U Th{-fg^^J) n S 
with 97 = {zi, Z2} and 7 n S' 7^ 0- Here q G B^Qh{zb) H OB^qh- 

Proof. See fig. |^. Since S' is not graphical, we can find 2; G S' with S vertical at z (i.e., 
|Vs2;3|(2) = 1). Fix y G dB^^h^z) so 7^^^ is normal to S at z. Then fy{z) = Ah (see ( |A.5|) ). 
Let y' be given by that y' G dBiQh{y) and z G 7j/,j/'. The first step is to use the catenoid 
foliation fy to build the desired curve on the scale of h] see fig. |^. The second and third 
steps will bring the endpoints of this curve out near Zb. 

Any simple closed curve cr C S \ {fy > Ah} bounds a disk S^- C S. By Lemma |A.8| , 
fy has no maxima on S^- fl {fy > 4/i} so S^- fl {fy > Ah} = ^. On the other hand, by 
Lemma |A.7| , we get a neighborhood Uz <Z T, oi z where Uz H {fy = 4h}\ {z} is the union of 
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Vertical plane tangent 




Figure 6. Proof of Lemma |I.0.11| : 
Vertical plane tangent to S at z. Since 
E is minimal, we get locally near z on 
one side of the plane two different com- 
ponents. Next place a catenoid folia- 
tion centered at y and tangent to S at 



y\ and are in different 
components of S in the ball B/^h{y). 

^ 







v' c 









7a 



Figure 7. Proof of Lemma |1.0.11| : 
Step 1: Using the catenoid foliation, 
we build out the curve to scale h. 



2n > 4 disjoint embedded arcs meeting at z. Moreover, Uz \ {fy > 4/i} has n components 
Ui, . . . ,Un and Ui fl Uj = {z} for i ^ j. If a simple curve C S \ {fy > 4/i} connects 
Ui to U2, connecting da^ by a curve in 11^ gives a simple closed curve cr^ C S \ {fy > Ah} 
with C and H {fy > 4/i} = {z}. Hence, bounds a disk Sg.^ C S \ {fy > Ah}. 
By construction, 11^ H S^-^ \ Ujt/j 7^ 0, which is a contradiction. This shows that f/i, f/2 are 
contained in components S^^ 7^ of S \ {fy > Ah} with z G fl For i = 1,2, 

Lemma ^ and (^) give yf G Bh/^{y) n S^^. Corollary [A.IQ gives i^, C Thi'jy^y') n S 



with = {yi,yi} where y^ G Bh/4^{y'). There are now two cases: If yl and 1/2 do not 
connect in B^hiv') H E, then take 70 C B^h{y) fl S from to ?/2 ^^^d set 7^ = z/i U 70 U 1^2 
and i/j = y\. Otherwise, if 70 C B/^hiv') H S connects |/J and y2, set 7^ = i^i U 70 U z/2 and 
yi = yf. After possibly switching y and y', we get a curve 7a C (Th{'yy,y') U B^hiy')) H E 
with 97a = {^1,2/2} C Bh/4{y) and G for components S*" 7^ 6*2 of B^hiy) H S. This 
completes the first step. 

Second, we use the maximum principle to restrict the possible curves from yi to ^2; see 
fig. |. Set 

H = {x\{y-y',x-y)>Q}. (L0.12) 

If ^71, 2 C Th{H) n S connects ?/i and y2, then 771^2 U 7a bounds a disk Si_2 C S. Since 
?7i,2 C Th{H), dBsh{y') n 9Si^2 consists of an odd number of points in each Sf and hence 
dBsh{y') nSi 2 contains a curve from to S'f . However, and are distinct components 
of i?4/i(?/) n S, so this curve contains 

yi,2 e 554;,(?/) n dBsniy') n Si,2 • (1.0.13) 

By construction, H(?/i^2) is in an unbounded component of R^\T/i/4(H(9Si^2)), contradicting 
Corollary A.llj . Hence, yi and 1/2 cannot be connected in Th{H) fl S. 



Third, we extend 7a. There are two cases: (A) If G H, Corollary |A.10| gives 

^2 C T,,(7,,,J n S C Th{H) n S (1.0.14) 
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H 

If Hi and y2 can be connected by a curve 
?7i_2 C if n E, then 7^ U r]i^2 bounds 
a disk El 2 C S and so 



a curve in dBsh{y') H Si_2 would 
connect the two components of Si 2 
in B4^h{y) - this is impossible. 



Figure 8. Proof of Lemma [1.0.11 
Step 2: yi and y2 cannot connect in 
the half-space H since this would give 
a point in Ei 2 far from 9Si 2, contra- 
dicting Corollary |A.10| . 



from ?/i,?/2 to 2i, 22 £ Bh/4,{zb), respectively. (B) If Zb ^ H, then fix 2c £ dB20h{y) H 11(9-?/) 
on the same side of n(y, y') as Il{zb) and fix G 9i?io/i(-2c) \ -f^ with 'jzcza orthogonal to dH 



(so n(y'), n(i/), Zc, -2d form a 10 /i by 20 /i rectangle). Corollary |A.10| gives 



1^1, ^2 C T?,(7y,^^ U 7^^,^^ U 72,,^J n S (1.0.15) 

from yi,?/2 to -21,^2 G Bh/4^{zb), respectively. In either case, set 7 = z/i U 7a U h'2- Set 
g = dBsohiy) n 7j^,^, (in (A)) or g = dB^ohiy) n 7^^,^, (in (B)). Applying Corollary |A.ll 



as 



above, Zi, Z2 are in distinct components of B^h{zb) HE. □ 



The next result illustrates the main ideas for Theorem [1.0. 8| in the simpler case where S 



is in a slab. Set [3^ = minj/^A, /5s, tan 6*0/(2 Cg)}; Cg,Ps are defined in Lemma [1.0. 9| , 6*0 in 
(^), and in (^). 

Proposition 1.0.16. Let S C -B4ro H {[xsl < f^^h} be an embedded minimal disk with 
dT, C dB4^ro and let ?/ G 9^2 ro- Suppose that Ei, S2, E3 are distinct components of 5^0(1/) HE 
and 7 C (-Bro U Tft,(7o,j/)) fl S is a curve with ^7 = {yi,y2} where yi G Bh{y) fl Sj and each 
component of 7 \ B^q is /i-almost monotone. Then any component Eg of -Bro-80h(l/) ^ ^3 for 
which yi,y2 are in distinct components of B^hiij) \ S3 is a graph. 

Proof. We will suppose that S3 is not a graph and deduce a contradiction. Fix a vertical 
point z G S^. Define zq, yo, yb on the ray 0, y hy zq = dB3ro~2ih^ 0, y, yo = dBsro^wh n 0, y, 
and = dB^ro H 0, Set Zb = dB^Qh{z) fl 72,20- Define the half-space 

H = {x\{x-zo,zq)>Q}. (LO.17) 

The first step is to find a simple curve 73 C (-Bro- 20/1(2/) UT/j(7y yJ) fl S which can be 
connected to S3 in -Bro-20/i(y) H with ^73 C 9S, and so dBro-ioh{y) H 73 consists of an 
odd number of points in each of two distinct components of if fl S. To do that, we begin 



by applying Lemma [I.0.11[ to get q G -850/1(^6) H dB^^h^z), distinct components 81,82 of 
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Bshizb) n S with Zi e Bh/4,{zb) fl Si, and a curve 

73 C (fi30h(^) U T,(7,,,J) n S, ^73* = {zi, ^2} , 73 n 7^ . (1.0.18) 

Corollary |A.10| gives /i-almost monotone curves z/i, z/2 C Th{'jz^,zo U 7zo,yJ 1^ ^ from 2:1, 22, 
respectively, to Then 73 = i^i U 73 U ^2 extends 73 to 9E. Fix z"*" G -B/i(?/o) n i^i and 
G Bhiuo) n 1^2- We will show that 2;+, 2;" do not connect in if fl S. If r]^ C H CiH connects 
and z~ , then 77^^; together with the portion of 73 from z~^ to z~ bounds a disk T,'^ C S. 
Using the almost monotonicity of each Ui, dB^Qh{z) H dT,'^ consists of an odd number of 
points in each Si. Consequently, a curve C dB^Qh{z) fl T^'^ connects Si to 5*2 and so 
\ Bghizb) 7^ 0. This would contradict Corollary |A.11| and we conclude that there are 
distinct components and of if fl S with z^ E S^. Finally, removing any loops in 73 
(so it is simple) gives the desired curve. 

The second step is to find disjoint stable disks ri,r2 C Brg^2h{y) \ S with dTi C 
dBrQ-2h{y) and graphical components F- of BrQ-4,h{y) H F^ so S3 is between F'^,F2 and 
yi,y2, S3 are each in their own component of Brg-4,h{y) \ (r'l U F2). To achieve this, we will 
solve two Plateau problems using S as a barrier and then use that S3 separates yi, y2 near y 
to get that these are in different components. Let S'^, S2 be the components of i?ro-2?i(?/) HS 
with yi G S']^,?/2 ^ ^'2- By maximum principle, each of these is a disk. Let S^j be the 



component of i?3/j(?/i)nS with y2 G Tiy^. Since yi ^ T^y^, Lemma |Xl8| gives y'2 G S^j \Neg{yi) 



with ^0 > from ( |A.3| ). Hence, the vector yi — y'2 is nearly orthogonal to the slab, i.e., 

\n{y'2-yi)\ < \y2-yi\ cos^o- (1.0.19) 

Since S3 separates yi,y2 in B^hiv), we get y^ G 7^^^^^^ nS3. Fix a component Qi of BrQ-2h{y)\ 
S containing a component of 73/1,^3 \ S with exactly one endpoint in S^ By | |lVle Ya| | , we get 



a stable embedded disk Fi C fii with dTi = dTj[. Similarly, let 0,2 be a component of 
Bra-2h{y) \ (^ U Fi) Containing a component of 'Jy^^y'^ \ U Ti) with exactly one endpoint 
in Sg. Again by ||MeYa|| , we get a stable embedded disk F2 C Q2 with 9F2 = 9S2. Since 



dVi, dT2 are linked in fii, f22 with (segments of) 7yi,iy3, 71/3,^;,, respectively, we get components 
F^ of BrQ-4_h{y) n Fj with z\ G F'^ fl ^y^,y^ and ^2 G Fj fl 7^3,2;^. By Lemma P^.0.9| , each F- is a 



graph of a function Ui with iVn^l < Cg [3^. Hence, since 1 + C|/9| < 1/ cos 6q, 

F:\{z[}ciV,„(z[). (1.0.20) 



By ( [1.0.191) , 7j/i,y;, H No^^{z^) = 0, so ( P^.0.20|) implies that F^ fl %i,y'^ = {zf}. In particular, 
1/1,1/2,1/3 are in distinct components of Br^-^h \ (T'l U Fg). This completes the second step. 

Set y = dBro+ioh H 70,^,. Let 7 be the component of i?ro+io/i H 7 with Brg fl 7 7^ 0. Then 
^7 = {yum} with y, G 5;,(y) n S^. 

The third step is to solve the Plateau problem with 73 together with part of 9S C dB^ro as 
the boundary to get a stable disk F3 C B^ro \ ^ passing between yi,y2- To do this, note that 
the curve 73 divides the disk S into two sub-disks Sj]", S3 . Let Q~ be the components of 
B^ro \ (S U Fl U F2) with 73 C dQ'^ fl dQ~ . Note that fl~ are mean convex in the sense 
of ||MeYa|| since dVi U9F2 C S and dT, C dB^ro- Using the first step, we can label Q~ so 



z~^, z" do not connect in ii fl fi^. By ||MeYa|| , we get a stable embedded disk F3 C ^2''" with 
9F3 = 19S3 . Using the almost monotonicity, dBrQ-whiy) H dV^ consists of an odd number 
of points in each of Sj, T.'Jj. Hence, there is a curve 7^,! C dBrg-ioh{y) H F3 from S^ to S^. 
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Bj c onstruction, 7+ \ Bshivo) 7^ 0- Hence, since dBro-wh{y) n Th{dT3) C Bshivo), Lemma 
[I.0.9I gives z G -8/1(^1) H 7^. By the second step, is between T[ and Fg. 



Let Fs be the component of 5^0+19 /i l~l La with z G F3. By Lemma [I.0.9| , F3 is a graph. 
Finally, since 7 C -8^0+10/1 and T3 passes between d^y, this forces Fs to intersect 7. This 
contradiction completes the proof. □ 

Part IF Estimates for stable annuli with slits 

In this part, we will show that certain stable disks starting off as multi-valued graphs 
remain the same (see Theorem [1I.0.21| below). This is needed in Part |T| when we generalize 



the results of Part | to when the surface is not anymore in a slab and in Part |V| when we 
show Theorem lOl 



Theorem II. 0.21. Given r > 0, there exist A^i,fii,e > so: Let l^i Tq < 1 < Rq/^i, 
S C Bjig be a stable embedded minimal disk, 9S C Br^ U dBj^^^ U {xi = 0}, dT, \ dBj^ is 
connected. If S contains an A'^i-valued graph over Di\Dro with gradient < e, n~^(Dro) ^ 
S^^ C {l^sl < ero}, and a curve 77 C Il~^{Dr^^) fl S \ dB^^ connects Eg to dT, \ dBf(^^, then 
S contains a 2-valued graph over Dji^/q-^ \ D^^ with gradient < r. 

Two analytical results go into the proof of this extension theorem. First, we show that if 
an almost flat multi- valued graph sits inside a stable disk, then the outward defined intrinsic 
sector from a curve which is a multi-valued graph over a circle has a subsector which is 
almost flat (see Corollary |II.L23| below). As the initial multi- valued graph becomes flatter 
and the number of sheets in it go up, the subsector becomes flatter. The second analytical 
result that we will need is that in a multi-valued minimal graph the distance between the 
sheets grows sublinearly (Proposition [11.2. 12|) . 



After establishing these two facts, the first application (Corollary |II.3.1|) is to extending 



the middle sheet as a multi-valued graph. This is done by dividing the initial multi-valued 
graph (or curve in the graph that is itself a multi-valued graph over the circle) into three 
parts where the middle sheet is the second part. The idea is then that the first and third 
parts have subsectors which are almost flat multi- valued graphs and the middle part (which 
has curvature estimates since it is stable) is sandwiched between the two others. Hence its 
sector is also almost flat. 

A thing that adds some technical complications to the above picture is that in the analyt- 
ical result about almost flat subsectors it is important that the ratio between the size of the 
initial multi-valued graph and how far one can go out is fixed. This is because the estimate 
for the subsector comes from a total curvature estimate which is in terms of this ratio (see 
( [11.1. 2D ) and can only be made small by looking at a fixed large number of rotations for the 
graph. This forces us to successively extend the multi-valued graph. The issue is then to 
make sure that as we move out in the sector and repeat the argument we have essentially 
not lost sheets. This is taken care of by using the sublinear growth of the separation be- 
tween the sheets together with the Harnack inequality (Lemma [II.3.8[) and the maximum 



principle (Corollary p!I.3.1[) . (The maximum principle is used to make sure that as we try to 
recover sheets after we have moved out then we don't hit the boundary of the disk before we 
have recovered essentially all of the sheets that we started with.) The last thing is a result 
from | CM3 | to guarantee that as we patch together these multi- valued graphs coming from 



different scales then the surface that we get is still a multi-valued graph over a fixed plane. 
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Unless otherwise stated in this part, S will be a stable embedded disk. Let 7 C S be a 
simple curve with unit normal and geodesic curvature kg (with respect to n^). We will 
always assume that 7' does not vanish. Given Ri > 0, we define the intrinsic sector, see fig. 



(II.0.22) 



where 7^ is the (intrinsic) geodesic starting at x G 7, of length Ri, and initial direction 



n^(x). For < n < Ri, set Sr^^R^i^y) = SR^{-f) \ 5^1(7) and p{x) 



dist 



l^x, 7). For 



example, if 7 = dDr^ C R and n^(x) = a;/|x|, then Sr2,Ri is the annulus D/j^+r^ \ Dr 





Figure 9. An int rinsic se ctor over a Figure 10. The curve 7^ containing 

curve 7 defined in (|11.0.22|) . goes to 9S. (7'^ \ 7 is dotted.) 

Note that if kg > 0, Sr^^^'j) fl dT, = 0, and there is a simple curve 7^ C S with 7 C 7'^, 
(97^ C dT,, and 7^ H 7'^ = {x} for any ■y^ as above (see fig. 10), then the normal exponential 



map from 7 (in direction n^) gives a diffeomorphism to Sr-^ (7). Namely, by the Gauss-Bonnet 
theorem, an n-gon in E with concave sides and n interior angles > has 



(n - 2) TT > 



n 

1=1 



a.: 



kg>j2 



ai 



(II.0.23) 



i=l 



In particular, n > 2 always and if > vr, then n > 3. Fix x, ?/ G 7 and geodesies 

'yx,ly as above. If '-fx had a self-intersection, then it would contain a simple geodesic loop, 
contradicting ( [1I.0.23|) . Similarly, if 7^ were to intersect jy, then we would get a concave 
triangle with cti = 02 = 7r/2 (since 'jx,'Jy don't cross 7'^), contradicting ( [1I.0.23|) . 
Note also that 5'ri,_Ri(7) = 5'ij^_ri(5'ri,ri(7)) for < ri < Ri. 

11.1. Almost flat subsectors 

We will next show that certain stable sectors contain almost fiat subsectors. 

Lemma II. 1.1. Let 7 C S be a curve with Length(7) < Sirmri, < kg < 2/ri, 
dist2(S'ij^(7), 9S) > ri/2, Ri > 2ri. If there is a simple curve 7'^ C S with 7 C 7'^, 
dj^ C dT,, and 7^ n 7^ = {x} for x G 7, then for > 2 and 2 ri < t < 3i?i/4 



< CiRi/ri + C2m/\ogn, 



t kg< Length({p = t}) < C3 (m + Ri/n) t . 

J T 



(n.1.2) 
(n.1.3) 
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Proof. The boundary of Sr-^ = Srj^^'j) has four pieces: 7, {p = Ri}, and the sides ■ja, lb- Set 

£(t) = Length ({p = t}), (II.1.4) 
K{t) = [ \A\\ (II.1.5) 



J St 

Since the exponential map is an embedding, an easy calculation gives 



i'{t) = kg>0. (11.1.6) 

J{p=t} 

Let dfi be 1-dimensional Hausdorff measure on the level sets of p. The Jacobi equation gives 

j^ikgdp) = \A\y2dp. (n.1.7) 
Set K{t) = /g K{s) ds. Integrating ( [ITXTI ) twice, ( [TlXBD yields 

lit) = £{0) + ^ (yj^^a^ K{s)/2^ ds = Length(7) +t j^kg + K{t)/2 . (II.1.8) 

This gives the first inequality in ( [11.1.3| ). Again by the coarea formula, ( [11.1.8| ) gives 

Area(^Rj = f ' < i?^^ Length(7) + ! kg/2 + Rf [ ' K{t)/2 
Jo Jf Jo 

fRi 

<67rm + i?^2/ K{t)/2, (11.1.9) 



where the last inequality used kg < 2/ri on 7, Length(7) < Svrmri, and Ri > 2ri. 

Define a function ip on Sr-^ hy ip = ip{p) = 1 — p/Ri and set ds = distE(-, 7a U 7b). Define 
functions Xi?X2 on Sr-^ by 

M^ jds/ri iiO<ds<ri, m t Tn\ 

Xi =Xi{ds) = <^ ^, . (ILl.lO) 

I 1 otherwise , 

/ ^ Jp/'^i if < p < ri , m 1 in 

X2 =X2{p) = < ^ . (ILLU) 

I 1 otherwise . 

Set X = XiX2- Using |Ap < C rf^ (by [|Sc[) and standard comparison theorems to bound 
the area of a tubular neighborhood of the boundary, we get 

Area{SR, n {x < 1}) < {Ri n + mr^) , (n.1.12) 

Eixi)+ [ \A\'<CR,/n, (n.1.13) 

JsR^n{xi<i} 



E{x)+ \A\' <C{Ri/n+m). (n.1.14) 

'Sfl,n{x<i} 
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Substituting xi^ iiito the stability inequality, the Cauchy-Schwarz inequality and ( [1I.1.14|) 
give 



ApxV< j |V(xV^)P = j {x'm' + 2x^P{Vx,V^^J) + ^^J'\Vx\') 

<2 j x'|VV'|' + 2C'(i?i/ri +m). 
Using (|1I.1.14| ) and the coarea formula, we have 



r{t)K\t) 



Integrating by parts twice in ([1I.1.16 ), ( 11.1.15|) gives 



2R~ 



Ri 



Ri 



2\ll 



Ri 



2\l 



(II.1.15) 



(II.1.16) 



(II.1.17) 



Ri 



i)'K'{t) < 3 C {Ri/ri + m) + 2Rl 



Note that all integrals in ( |11.1.17 ) are in one variable and there is a slight abuse of notation 
in regarding ip a.s a. function on both [0,i?i] and Sr^. Substituting ( [1I.1.9| ), ( |11.1.17| ) gives 



Ri 



i{t) < 24:7rm + 3C{Ri/ri + m) + 2R~ 



Ri 



(II.1.18) 



In particular, ( |11.1.18| ) gives 

R^'^AieaiSR,) < C4 {Ri/n + m) . (II. 1.19) 

Since i{t) is monotone increasing (by ( [1I.1.6D ), ( [II. 1.191) gives the second inequality in (|II.1.3| ) 
for t = 3 Ri/A. Since the above argument applies with Ri replaced by t where 2ri < t < Ri, 
we get dlLl^ ) for 2 ri < t < 3 i?i/4. 

To complete the proof, we will use the stability inequality together with the logarithmic 
cutoff trick to take advantage of the quadratic area growth. Define a cutoff function ipi by 

'log(p/ri)/logri on Sr^^nri , 

1 on SQri,Ri/n 5 

- log(p/ ^1)/ log ^ on Sr./q^r^ , 

otherwise . 



(II.1.20) 



Using ( irrTp and (|11.1.19|) , we get 

Eiipi) < C{m + Ri/n)/\ogn. (II.1.21) 
As in ( [II.1.15I ), we apply the stability inequality to Xii^i to get 

l^Wltpl < 2E{tPi) + 2E{xi) < 2C{m + Ri/n)/logQ + 2CRi/n. (II.1.22) 

Combining (|II.1.13|) and ( [II. 1.22]) completes the proof. □ 
Using Lemma [1I.1.1| , we show that large stable sectors have almost fiat subsectors: 
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Corollary II. 1.23. Given > 8, 1 > e > 0, there exist mi,Qi so: Suppose 7 C i?2ri H S 
is a curve with 1/(2 ri) < kg < 2/ri, Length(7) = 32 7rmiri, dists(>S'Q2j^rj (7), 9S) > ri/2. 
If there is a simple curve 7^ C S with 7 C 7^, d'j^ C 9S, and 7a; H 7^ = {x} for x G 7, 
then (after rotating R^) 5*^2^^^ (7) contains a 2-vaIued graph over -D2wQiri \-Dniri/2 with 
gradient < e/2, |y4| < e/(2r), and dist^^j (^)(7, S^) < 2f2iri. 

Proof. We will choose Qi > 12 and then set mi = uQl logl^i. By Lemma 11.1.1| (with 
Q = Ri = Qfuri, and m = 32mi/3), 

I \A\^ <C{nlLj + mi/ logQi) = 2C nil/ logQi. (II.1.24) 

Fix mi disjoint curves 71, ... , 7^1 C 7 with Length(7j) = 32 vrri. By (|11.1.24| ) and since the 
Snlcjriili) are pairwise disjoint, there exists 7, with 

/" |Ap < 2C/logni. (II.1.25) 

To deduce the corollary from (p.l.25|) we need a few standard facts. First, define a map 
$ : [0,r2^ci;ri] y<p/{2ri)+i [0, Length(7)] — > E by $(p, x) = 7x(p)- By the Riccati comparison 
argument (using < and kg > 1/ (2ri) on 7), 

1 

p + 2ri 

Second, let 7^/2 C ■ji be the subcurve of length IGnri with dist^(7i/2, 97^) = Svrri. Since 
kg > l/(2ri) on 7, we have J^^/^^a > 8^- ^y ( |1I.1.7|) , Js^^^^ ^^^/2)n{p=t} K is monotone 
nondecreasing. In particular, we can choose a curve 7 C 7^/2 with 



$ is distance nondecreasing and kg > — ;— ;:; — . (11.1.26) 



kg = 871. (11.1.27) 



•5n2^.i(7)n{p=niri/3} 

Set S = Sn^rj/3,3nicvriil) and 7 = 5 n {p = Qi r i/3}. 

Third, by the Gauss-Bonnet theorem, ( [11.1.25| ), and ( |11.1.27| ), (for Qi large) 

87r< / kg < 871+ I |A|V2 < STT + C/logfii < 97r. (11.1.28) 
Jsn{p=t} Js 

Note also that, by (|11.1.26|) and ( |11.1.28|), Len gth(g n {p = t}) < 9 7r(t + 2ri) < Uvrt. 

Finally, observe that, by stability, (|11.1.25| ), and using (p.l.26|) , the meanvalue theorem 
gives foiyES 

sup \A\' <Cip'\y)/\ogni. (11.1.29) 
Integrating (p.l.29|) along rays and level sets of p, we get 



maxdists2(n(x),n(?/)) < C2{\ogLU+ l)/Vlogl]i. (11.1.30) 

x,y£S 

We can now combine these facts to get the corollary. Choose Qi so that C2(}oguj + 
l)/v^IogTrj" < C^e. For C3 small, after rotating R^, S is locally a graph over {X3 = 0} with 
gradient < e/2. Since 7 C -B2ri and Qi > 12, we have 7 C -B2ri+ni ri/3 C -Bniri/2- Choosing 
Qi even larger and combining ( |11.1.26|) , (|11.1.28| ), ( |11.1.29|) , and (p.l.30| ), we see that (the 
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orthogonal projection) 11(7) is a convex planar curve with total curvature at least Tvr, so 
that its Gauss map covers three times. Given x G 7, set 7^ = Sn^x- By ( p.l.29|) , has 



total (extrinsic geodesic) curvature at most C2 logu;/-\/IogTIi < C3 e and hence lies in a 
narrow cone centered on its tangent ray at x = 72; fl 7. For C3 small, this implies that 'jx 
does not rotate and 



\U{x) - U{% n{p = t})\>9{t-Q, ri/3)/10 . 
Hence, Il{d^x \ {x}) ^ D2coniri which gives and also distc (^)(7, Sq 



(11.1.31) 

<21]iri. □ 



Remark II. 1.32. For convenience, we assumed that kg < 2/ri in Corollary p.l.23| . This 
was used only to apply Lemma |II.1.1| and it was used there only to bound / kg in ( [1I.1.9| ). 



Recall that a domain f2 is 1/2-stable if and only if, for all G Cg' (fi), we have the 
1/2- stability inequality: 

1/2 J < J |V0p. (II.1.33) 

Note that the interior curvature estimate of extends to 1/2-stable surfaces. 

In light of Remark p!I.1.32| , it is easy to get the following analog of Corollary [1I.1.23| : 

Corollary II. 1.34. Given u > 8,1 > e > 0,Co, A^, there exist mi,Qi so: Suppose S is an 
embedded minimal disk, 7 C dBr^iy) C S is a curve, / kg < Co mi, Length(7) = miri. If 
'^i/8('S'n2(^ri(7)) is 1/2-stable, then (after rotating R"^) SQ2^ri{l) contains an A^-valued graph 
Eat over D^Q^n V-D^in with gradient < e, \A\ < e/r, and dist^ (^)(7, S^r) < AQiri. 



Note that, in Corollary |II.1.34| , kg >l/ri and the injectivity of the exponential map both 
follow immediately from comparison theorems. 

II. 2. The sublinear growth 

This section gives an elementary gradient estimate for multi-valued minimal graphs which 
is applied to show that the separation between the sheets of certain minimal graphs grows 



sublinearly; see fig. 11. The example to keep in mind is the portion of a (rescaled) helicoid 
in a slab between two cylinders about the vertical axis. This gives (two) multi- valued graphs 
over an annulus; removing a vertical half-plane through the axis cuts these into sheets which 
remain a bounded distance apart. 



u{2R) 




u{R) 



Figure 11. The sublinear growth of 
the separation u of the multi-valued 
graph S: u{2R) < 2" u{R) with a < 1. 



The next lemma and corollary construct the cutoff function needed in our gradient esti- 
mate. 
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Lemma II. 2.1. Given > 36/(1 — e^^^'^Y, there exists a function < (p < 1 on V with 

E{(p) < 4:71 / log N, 

1 if i?/e < p < ei? and 1^1 < Svr, QI 2 21 

if p < e-^i? or e^i? < p or 1^1 > ttAT. (••) 

Proof. After rescahng, we may assume that R = 1. Since energy is conformally invariant on 
surfaces, composing with z^'^ imphes that ( |II.2.2|) is equivalent to E{(f)) < An/ log N, 

(II.2.3) 





if 


log 


;p| 




if 


log 


;p| 



This is achieved (with E{(p) = 2n/ log[A^(l — e ^^'^)/6]) by setting 

1 on i36/7v(l,0) , 

onS,_,_v3(l,0)\S6/^(l,0), (II.2.4) 
otherwise . 

□ 

Given an iV- valued graph S, let ^rl'rl C S be the subgraph (cf. (p.l|) ) over 

{(p, ^) I ^3 < p < r4, ^1 < < 62} . (II.2.5) 

Corollary II. 2. 6. Given eo, r > 0, there exists > so if S C is an A^-valued graph 
over Df^N ^ \ D^-n ^ with gradient < r, then there is a cutoff function < < 1 on S with 
E{(t)) < eo, 0|9s = 0, and 

= 1 on S^j2jfl/2 • (II- 2 -7) 

Proof. Since ^~iy25R/2 *^ ^'r'/ccR projection from S to "P is bi-Lipschitz with bi- 

Lipschitz constant bounded by vT+T^, the corollary follows from Lemma |11.2.1| . □ 
If u > is a solution of the Jacobi equation Au = —\A\'^u on S, then w = logu satisfies 

Aw = -iVwl"^ - \A\^ . (11.2.8) 
The Bochner formula, ( [11.2.8| ), Ks = — |Ap/2, and the Cauchy-Schwarz inequality give 
A\Vw\^ = 2 |Hess^|2 + 2{Vw, VAw) - \A\^ |Vu;|^ 

> 2 |Hess^|2 - 4 iVwl"^ |Hess^| - 4 |Vu;| \A\ \VA\ - \A\'^ \Vw\^ 

> -2 \Vw\^ - 3 \A\^ \Vw\^ - 2 I VA|2 . (11.2.9) 

Since the Jacobi equation is the linearization of the minimal graph equation over S, analogs 
of ([11.2.81 ) and ( |11.2.9| ) hold for solutions of the minimal graph equation over S. In particular, 
standard calculations give the following analog of ( [11.2.8|) : 

Lemma II. 2. 10. There exists 5g > so if S is minimal and m is a positive solution of the 
minimal graph equation over S (i.e., {x+u{x) ns(x) | x G S} is minimal) with | Vm| + |m| \A\ < 
6g, then w = logu satisfies on S 

Au; = -iVwl"^ + dw{aVw) + {Vw,aVw) + {b,Vw) + (c - 1)|A|^ (11.2.11) 

for functions aij, bj, c on S with \a\, \c\ < 3 1^41 \u\ + |Vu| and |6| < 2 \A\ |Vu|. 
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The following gives an improved gradient estimate, and consequently an improved bound 
for the growth of the separation between the sheets, for multi-valued minimal graphs: 

Proposition II. 2. 12. Given a > 0, there exist 6p > 0, Ng > 5 so: Let S be an A^^^-valued 
minimal graph over D^Ng \ D^-Ng ^ with gradient < 1. If < n < (5p i? is a solution of the 
minimal graph equation over S with |Vu| < 1, then for R < s < 2 R 

sup \Aj:\+ sup \Vu\/u<a/{4R), (II.2.13) 

R,2R R,2R 

sup u < {s/RY sup u . (II.2.14) 

v^0,27r r^0,2ir 
^R,s ^R,R 



Proof. Fix e^; > (to be chosen depending only on a). Corollary p. 2. 6 gives (depending 



only on e^;) and a function < < 1 with compact support on S ^'^'^'^ 



E{4>) < eE and = 1 on S^Jg 5R/2 ■ 

(II.2.15) 

Set Ng = N + 1, so that dists(S;j^"^^]^^, (9S) > e"^ i?/2 and hence \A\ < Ce^/R on 
^c^'^Rc^b: Now fix a; G S^^g'j?- Substituting </> into the stability inequality, ( [il.2.15D bounds 
the total second fundamental form of ^~fi/25R/2 ^e- Hence, by elliptic estimates for the 
minimal graph equation, 

sup {R^\VAj:\^ + \Aj:\^) <CeER~^ . (II.2.16) 

BiR/six) 

Since S and the graph of u are (locally) graphs with bounded gradient, it is easy to see that 

sup \Vu\ <Ce^ sup \u\/R<Ce^ Sp. (II.2.17) 

^-Nn.Nn E 
^c-Nh,cNr 

Set w = logn. Choose 6p > (depending only on N), so that ( P^I.2.17|) implies that w 
satisfies (|II.2.11| ) on ^e-iv^gjv^ with |a|, l^l/IAI, |c| < 1/4- Applying Stokes' theorem to 
div(0^Vty — (f)^aWw) and using the absorbing inequality gives 

I \'^w\^ < I <f\SJw\^ <C E{(P) <C eE- (II.2.18) 

Combining ( [11.2.11| ) and ( |11.2.16| ), an easy calculation (as in ( |11.2.9| )) shows that on B^ri^{x) 

A|Vw;p > -C \Vw\'^ - C eE R^"^ \Vw\^ - C eE R~^ . (II.2.19) 
By the rescaling argument of ||CiSc|] (using the meanvalue inequality), ( |11.2.18| ) and ( |11.2.19| ) 
imply a pointwise bound for |Vwp on i3/j/4(x); combining this with ( [Li. 2. 16 ) g ives ([11.2.13 ) 
for eE small. Integrating ( [II.2.13|) and using that {s — R)/R<2 \og{s/R) gives (|II.2.14| ). □ 

II. 3. Extending multi-valued graphs in stable disks 

Throughout this section S C Bji^ is a stable embedded minimal disk with (9S C B^^ U 
dBpto U {xi = 0} and 9S \ dB^;^ connected. Fix < < 1/4 so if is a multi- valued 
minimal graph over D2R \ -D_r/2 with gradient < Tk, then Il~^{dDf>) fl has geodesic 
curvature 1 / {2 R) < kg < 2 / R (with respect to the outward normal). 
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The next corollary shows that for certain such S containing multi-valued graphs, the 
middle sheet S^^ extends to a larger scale. The main point is to apply Corollary [1I.1.23| to 
get two 2-valued graphs on a larger scale with S*'^ pinched between them. We first use the 
convex hull property to construct the curves 7^ needed for Corollary |11.1.23 . 



Corollary II. 3.1. Given uj,m > 1, 1/4 > e > 0, there exist fli,mQ,6 so for rQ,r2, R2, Ro 
with 4r2iro < 4f2ir2 < R2 < Ro/{4:Qiuj): Suppose C E is an mo- valued graph over 
\ with gradient < r^, Il~^{Dr2) fl C {{x^l < r2/2}, and separation between the 
top and bottom sheets < S R2 over dDj^^. If a curve 77 C Ii~^{Dr2) fl S \ dBn^^ connects S^, 
to as \ OBr^, then S*^ extends to an m- valued graph over \ with gradient < 1 

and \A\ <e/r over D^n^ \ Dr^. 



Proof. First, we set up the notation. Let ni,mi > 1 be given by Corollary P^I.1.23| . Assume 



that fi^ u;, m, mi G Z. Set mo = 24 u; + 32 mi + m -|- 1 and 7 = IT ^{dDR^/Hi) ^^g- Since 
Yi'^i^Drj) n Eg C {\xz\ < T2/2}, the gradient bound gives for r2 < R < R2 

max Ix^l <r2/2 + Tk(R-r2) < R/2, (11.3.2) 
n-i(az?fl)nE9 

so that 7 C B2R2/Q1. By the definition of r^, r2i/(2_R2) < kg < 2Q1/R2 on 7. Arguing on 
part of S itself, by the convex hull property, there are mo components of 7n{xi > R2/{2Qi)} 
which are in distinct components of S fl {xi > i?2/(2f2i)}. Hence, see fig. there are mo 
distinct yi E ■j and (nodal) curves o"o, . . . ,cT,n(,-i C {xi = R2/fli} H S with ddi = {yi,Zi}, 
c^i n 7 = {yt}, Zi e dJ^n {xi = R2/^i} C OBr^, and for i ^ j 

dists(ai,aj) > i?2M. (II.3.3) 

Order the cTj's using the ordering of the ?/j's in 7 and set ii = 0, 12 = SQlu + 16 mi, 
23 = 16 f2f -|- 16 mi + m, and ^4 = mo — 1. Let 71,72,73 C 7 be the curves from 1/4^2^ to 

yin'(u)+16miJ from yunlui+Wmi to 1/12^72^+16 mi +m 5 from l/20f7f c<;+16mi+m tO I/20 t^f (^+32 mi+m5 

respectively. Hence, 71,72,73 C 7 are 16 mi-, m-, 16mi-valued graphs, respectively, with 72 
centered on T,^^ , each 7^ between and Vi^^-^, and for j = 1, 2, 3 

min - k\,\ij+i- k\} >4Qlu . (H.3.4) 

Next, we construct the curves 7^ needed to apply Corollary [11.1. 23| to each 7^. We will 
also use ( |11.3.3| ) and ( [11.3.4| ) to separate the 7/s. For ki < k2, let ■y{ki,k2) C S be the 
union of ak^, cTfca, and the curve in 7 from yk^ to yk2- Since S is a disk, dji^ki, /C2) C dT,, and 
dT,\dBjig is connected, one component S(/ci, /C2) of E\7(/ci, /C2) has 9S(/ci, ^2) n5E C OBr^^ 
Using that the crj's do not cross rj, it is easy to see that points into E(/ci, /C2) and 

S(ji,j2) n J:{ki,k2) = S(max{ji,/ci},min{j2,/^2}) , (II.3.5) 
where, by convention, S(/ci,/c2) = if A;i > k2. Set 7^ = 7(2^,2^+1) and note that ■jj C 7^^ 



and d'jj C 9E. Set Sj = Sqiuj R2{lj)- By (|II.3.4| ) and ( |II.3.5| ), any curve r] C T,{ij,ij^i) from 
7j to 7^ \ (7 U (9i?i?(, ) hits at least 4f2f u; of the aj's and so, by (|II.3.3|) , Length (77) > 2iliuj R2. 
Combining this with Rq > 4f2i u R2, we get 

distsfe,i,+i)(7i:^S(^i:^i+i) \7i) > 2fiiu;i?2- (II.3.6) 



GRAPHICAL OFF THE AXIS 



17 



Fix X G 7j and 'jx (the geodesic normal to ■jj at x and of length fliu R2)- By (p!I.0.23|) , the 
first point (after x) where hits d'E{ij,ij+i) cannot be in 7. Consequently, ( [11.3. 6|) implies 
that 72; C S(zj, ij+i) so jx^'yf = {a;} and 7^ separates 5^ from 5^ U 7^3/(2 Ci)(c^S) for j 7^ /c. 

The rest of the proof (see fig. |l^) is to sandwich between two graphs that will be 
given by Corollary |II.1.23| and then deduce from stability that S*^ itself extends to a graph. 
Namely, applying Corollary |1I.1.23| to 71,73 (with ri = i?2/^i); we get 2-valued graphs 
Sd,i C 5*1, Tjd,3 C 5*3 over B2UJR2 n Pj \ i?ij2/2 {i = 1,3) with |y4| < e/(2r) and gradient 
< e/2 < 1/8. Here Pi is a plane through 0. Using \A\ < e/(2r) and dist5.(7, < 2 R2, 
it is easy to see that S^^j l~l 7^ 0. Hence, S^^j contains a 3/2- valued graph Sj over 
D3UJR2/2 \ D2R2/3 with gradient < tan (tan~^(l/4) + 2 tan^-'^(l/8)) < 3/4. By construction, 
S*^ is pinched between Si, S3 which are graphs over each other with separation < lv'" S R2 
(by the Harnack inequality). Since S is stable, it follows that if S is small, then S^ extends 
to an m- valued graph S2 over D^^ fi^/4\D4ji^/5 with S2 between Si and S3. In particular, S2 
is a graph over Si. Finally, using that Si is a graph with gradient < 3/4 and \A\ < e/(2r), 
we get that S2 is a graph with gradient < 1 and \A\ < e/r (cf. Lemma [1.0.9| ). □ 



In different sheets. 




Distinct nodal curves. 



Plane xi = R2/^i- 



Figure 12. The proof of Corollary 
[11.3. 1| : The nodal curves. 



Si 



^ S^^ is between Si and S3. 



Figure 13. The proof of Corol- 
lary [11.3. 1[ : Sandwiching between two 
graphical pieces. 



Combining this and Proposition [11.2. 12[, S extends with separation growing sublinearly: 



Corollary II. 3. 7. Given 1/4 > e > 0, there exist VLQ,mQ,5Q > so for any rQ,r2, R2, Ro 
with QoVq < ^2 < -R2 < Rq/^o- Suppose S^ C S is an mo-valued graph over \ 
with gradient < ri < r^, U'^^Dr^) fl S^ C {|x3| < r2/2}, and separations between the top 
and bottom sheets of S'^(c S^) and S^ are < S1R2 and < S0R2, respectively, over dDji^. 
If a curve r] C H~^(D,.2) fl S \ OBr^ connects S^ to 9S \ BBr^, then S*^ extends as a graph 
over D2R2 \-Dr2 with gradient < ri + 3e, \A\ < ejr over D2R2 \Dr2^ and, for R2 < s < 2 R2, 
separation < (5/^2)^^^ <^i R2 over Dg \ Dj^^. 



Proof. Let 6p > 0, Ng > 5 be given by Proposition [11.2. 12[ with a = 1/2. Let ili, mo, 5 > be 



given by Corollary [11.3. 1[ with m = Ng + 3 and u 



2e^« 



We will set Sr, 



(5o((5, Sp, Ngj 



with 

(5 >(5o > and 1^0 = 4^1 e^«. By Corollary FTXT[ , S*^ extends to a graph S;J^^X^5^"'^^''+^^" 
of a function v with |Vf| < 1 and \A\ < e/r over -D2c^9_r,2 \ -^^2- Integrating |V|Vf|| < 
\A\ (1 + |Vt;n^/2 < 2^/2 e/r, we get that \Vv\ < n +4e log2 < ri + 3e on D2R2 \Dr^. 

For 60 = So{Ng, 6p) > 0, writing S as a graph over itself and using the Harnack inequality, 
we get a solution < u < 6p R2 oi the minimal graph equation on an A^^- valued graph over 
-^6^9 R2 \ ^c~^9 R2- Applying Proposition [11.2. 12[ to u gives the last claim. □ 
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The next lemma uses the Harnack inequality to show that if S extends with small 
separation, then so do the other sheets. The only complication is to keep track of 9S. 

Lemma II. 3. 8. Given G Z+, there exist 0^,82 > so for tq < s < Rq/S: Suppose 
Sg C S n {Ixsl < 2 s} is an A^- valued graph over D2s\Ds. If a curve r] C Il~^{Ds) nT,\dBjif^ 
connects Eg to (9S \ S-Br,, , and S*'^ extends graphically over D^s \ Dg with gradient < T2 < 1 
and separation < < 62 s, then extends to an A^- valued graph over \ -Ds with 
gradient < T2 + C3 ^3 and separation between the top and bottom sheets < C3 ^3 s. 

Proof. Suppose A^ is odd (the even case is virtually identical). Fix y-N, ■ ■ ■ iUn £ '^g with 
yj over {p = 2 s, 6 = jvr}. Let 70,72 C S*^ be the graphs over {2s < p < 3s, 6* = 0} and 
{2s < p < 3s, 6^ = 2 tt}, respectively, with ^70 = {y^, zq\ and ^72 = {y2, Z2}- 

Arguing as in the proof of Corollary [11.3. 1| , there are nodal curves cr_7v, • • • , o"iv C {xi = 
— 2s} n S from yj (for j odd) to dBji^ so: (1) Any curve in S \ Il~^{dD2s) from Zq to 
(9S \ OBrq hits either every with j > or every aj with j < 0; (2) for z < j, cTj and aj do 
not connect in U'^iD^s) H {a;i < -2 s} n S; and (3) dist(UjO-j, 9S \ dBn^^) > s. Note that 
(2) follows easily from the convex hull property when i 7^ — A^ or j ^ N; the case i = —N 
and j = N follows since S separates y-N, yN in n~^(_D4s) fl {xi < —2 s}. 

By ||S^ and the Harnack inequality for the minimal graph equation, there exist 6*4,54 > 
so if Z3, ^4 G S \ 7^/4(9S), 11(^3) = H^z^), and < 1^3 — ^4! < ^5 s < ^4 s, then Bs/siz^) is 
a graph over (a subset of) ^3/7(^3) of a function n > with |Vn| < min{l/2, C4 ^5}. The 
lemma now follows easily by repeatedly applying this and using (l)-(3) to stay away from 
dH until we have recovered all A^ sheets. □ 



II.4. Proof of Theorem IL0.21 



Let again S C 5^,, be a stable embedded disk with dH C Br^ U dBpi^^ U {xi = 0} and 



9S \ dBji^ connected. We will use the notation of (p.2.5|) , so that S°3^^4 an annulus with 
a slit as defined in [ |(JM3| ]. An easy consequence of theorem 3.36 of [ |(JM3[ 



is: 



Lemma 11.4.1. Given tq > 0, there exists < ei 

and C S is the graph of a function u with |Vn| < 1/12, max^ 



ei(ro) < 1/24 so: If 2ro < 1 < r3 < Ro/2 
.(|n| + |Vn|) < 2ei, 

^1 ^ Ci/'", and for 1 < t < r3 the separation over dDt is < 4 7rei t^/^, then |Vm| < tq. 



Lemma [11.4. 1| follows from theorem 3.36 of |[GM3|| and two facts. First, since S is a graph 
over a larger set in V (using stability and that 9S C -Br,j U ^BJi^^ U {xi = 0}), the bound for 
the separation and estimates for the minimal graph equation over S give a bound for the 
difference in the two values of Vm along the slit (cf. Proposition [1I.2.12| ). Second, theorem 
3.36 of |[CM3[| actually applies directly to _B3j.3/4 fl E°'^^ \ -B2 to get IV^I < ro/2 on Drg/2\D2; 
integrating |V|Vm|| < \A\ (1 + IVmP)"^/^ < 2ei/r then gives |Vm| < To on D^g \ Di. 



We will prove Theorem |1I.0.21[ by repeatedly applying Corollary [II. 3. 7] to extend S^^ as a 



graph. Lemma [II.4.1j to get an improved gradient bound, and then Lemma [II.3.8| to extend 
additional sheets. 



Proof, (of Theorem |II.0.21[) . Set tq = min{r, r^, l/24}/2 and let < ei = ei(ro) < 1/72 
be given by Lemma II.4.1[ QQ,mo,6o be given by Corollary II.3.7[ (depending on ei) and 
C3, 62 > he from Lemma |II.3.8[ with A^ = mo. Set A^i = mo, Qi = 2 Qq, and choose e > 
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so: 

n~-'^(Z}ro) l~l ^9 C {jxsl < ro/2}, and < ei/r on S*-'^ \-B2ro- To arrange the last condition, 
we use the gradient bound, stabihty, and second derivative estimates for the minimal graph 
equation (in terms of the gradient bound). Note that, using gradient < e, the separation 
between the top and bottom sheets of ^^fi j^-^^^'^o-n- ^^^^ qjj^ most 2 vr e t and 

2'7imoet, respectively. Note also that U'^i^D^ro) {l^sl ^ 3ero}. 

(1) Apply Corollary [1I.3.7| (with r2 = ro,R2 = 1,Ti = 2ro) to extend to a graph 
S°;^2 with gradient < 2 tq + 3 ei < 1/12, \A\ < ei/r over D2 \ Di, and, for 1 < t < 2, 

separation < 2 Tre t^/^ over • (II.4.3) 

(2) By Lemma p.4.1| (with = 2), Ti^'"^^ and hence ^^02 have gradient < tq. 

(3) By Lemma [II.3.8| (with = mo, s = 1/2, T2 = tq, ^3 = 4 7re2^/^), TP'^'^^^ is contained in 
an mo- valued graph ^r^^yl'"^'^'" C S over -D3/2 \ -Dro with gradient < tq + C^Aixei^/"^ < 2ro 
and separation < C3 2 7re2^/^ < 5o- 

Repeat (l)-(3) with: (1) R2 = 3/2 to extend ^roy2 to ^rfj with ( |11.4.3| ) holding for 
1 < t < 3, (2) r3 = 3 so that has gradient < tq, (3) s = 3/2 to get S,~™°2'™°'' ^ S, and 
then again (1) R2 = 9/2, etc., giving the theorem. □ 



Part III. The general case of Theorem 1.0.8 



III.l. Constructing multi- valued graphs in disks in slabs 

Using Part |, we show next that an embedded minimal disk in a slab contains a multi- 
valued graph if it is not a graph. We can therefore apply Part || to get almost flatness of a 
corresponding stable disk past the slab. This is needed when the minimal surface is not in 
a thin slab. 

Proposition III. 1.1. There exists /9 > so: If C i?ro H {l^^sl P h} is an embedded 
minimal disk, (9S C dBj.g, and a component Si of -Bioh fl S is not a graph, then S contains 
an iV- valued graph over Dro-2h \ ^(60+20 Af)h- 



Proof. The proof has four steps. First we show, by using Lemma P^.O.ll] twice, that over a 
truncated sector in the plane, i.e., over 

Ss„sA0i,02) = {{p,e) \si<p<s2,ei<e< 62} (in.1.2) 

we have 3 components of S. Second, we separate these by stable disks and order them by 
height. Third, we use Proposition [I.0.16| to show that the "middle" component is a graph 
over a large sector. Fourth, we repeatedly use the appendix to extend the top and bottom 
components around the annulus and then Proposition |1.0.16 to extend the middle component 



as a graph. This will give the desired multi-valued graph. 

For j = 1,2, let Sj be the component of B20jh H T, containing Ei. By the maximum 
principle, each Ej is a disk. Rado's theorem gives Zj G Il~^{dD(^20j-io)h) H Ej for j = 1,2 
where E is not graphical (see, e.g., [|CM1|| ). Rotate so zi, Z2 G {xi > 0} and set z = 
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In different components by Lemma 1. 0.11. 



72 



X3 



= (3h 
\ 



-/3h 



Applying Lemma LO.ll twice gives at 
lea st 3 diff erent components of S 
in ( 1111.1. 4| ). 



Figure 14. Proof of Proposition 
1II.1.1| : Step 1: Finding the 3 compo- 
nents. 



(ro, 0, 0). Apply Lemma |1.0.11| twice as in the first step of the proof of Proposition |1.0.16| to 
get (see fig. |1^: (1) Disjoint curves 71,72 C S with d'jk C dBra/2, 

7fc C B^hizk) U Th{dD^20k~io)h n {xi > 0}) U r^(7o,./2) , (III. 1.3) 

and which are C /? /i- almost monotone in T/i(7o,^/2) \ B20kh- (2) For k = 1,2 and i/q e 
lo,z/2 \ B20kh, there are components ^'y^^k,! '^'yo,k,2 of B^hivo) n E each containing points 
of Bhiijo) n 7fc. It follows from (2) that, for k = 1,2, there are components Sfc i,Sfc 2 
of n~^(S'42h,ro-2/i(— 37r/4, 37r/4)) fl S with ^'^/2ki and which do not connect in 

n~"^(>S'40h,ro(^77r/8, 77r/8)) fl S. Namely, S would otherwise contain a disk violating the 
maximum principle (as in the second step of Lemma [.0.11|) . The same argument gives 
Ej^^jj, Ejj^jj) ^is.is which do not connect in 

n-^(^4oVo(-7vr/8, 77r/8)) n S . (III.1.4) 

By the second step of Proposition [l.U.16| , if Sj j, ^ do not connect in n~^(S'40h,ro(~77r/8, 77r/8))n 
E, then there is a stable embedded disk Fq, with dT^ C E, F^ fl E = 0, and a graph F'^ C F^ 
over 5'4ife^ro_/i(— 137r/16, 137r/16) separating Ejj,Efcf. Applying this twice (and reordering 
the ki,ii), we get F'^ C Fi, Fg C F2 so each Efc^ ^^ is below F^ which is below E^^^^^j^^^. Let 
■y\ and 7J be top and bottom components of Ujjj \ -B40/1 intersecting 9-5^0/2- Since Ei C E2, 
a curve ■y^ C B^oh H E connects 7J to 7J. 

See fig. |15|. By a slight variation of Proposition [1.0. 16| (with 7 = 7J U 7™ U 7J), the middle 
component E^j is a graph over 5'42h,,r-o-2h(— 37r/4, 37r/4). This variation follows from steps 
one and three of that proof (step two there constructs barriers Fj which were constructed 
here above). 

See fig. |1|. Corollary |A.iq gives curves 7^,7^ C (544,, U Th{'jo,{o,ro,o)) \ Il~^iDi2h)) n E 
from dB^3h n7* and dB^^h respectively, to dBrQ/2- In particular, 72 is below Efcj^jj and 
72 is above E^j i.e., E^g is still a middle component. Again by the maximum principle, 
this gives 3 distinct components of n~^(5'46/i,ro-2h(— 7r/4, 57r/4)) flE which do not connect in 
n~^(5'45/i,ro(~37r/8, ll7r/8)) flE. By Proposition pT0.1(j| , E^j.ia further extends as a graph over 
5'46h,ro-2h(-7r/4,57r/4), giving a graph E^g^^^^^h^ over 5*46 Vo-2h(-37r/4, 57r/4). By Rado's 
theorem, this graph cannot close up. Repeating this with 73,73 C (-849/1 U Th{'yo,i-ra,o,o)) \ 
Il~^{D4Y h)) n E, etc., eventually gives the proposition. □ 
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Extends since it is 
"between the sheets." 




7? 



Figure 15. Proof of Proposition 
Step 3: Extending the middle 
component graph. 



Extends by the maximum principle. 



,// 










/ — i — ^ 








7? 





Graphical middle component. 

Figure 16. Proof of Proposition 
1II.1.1| : Step 4: Extending the top and 
bottom components by the maximum 
principle. They stay disjoint since the 
middle component is a graph separat- 
ing them. 



III.2. Proof of Theorem 1.U.8 



In this section, we generalize Proposition |1.U.16| to when the minimal surface is not in a 
slab; i.e., we show Theorem |I.0.8| . C -Bciro C R'^ will be an embedded minimal disk. 



dH C dBc^ro, ci > 4, and y E 9i?2ro- ^i? ^2, S3 will be distinct components of Bra{y) fl S. 

Lemma III. 2.1. Given /3 > 0, there exist 2c2 < C4 < C3 < 1 so: Let S3 be a component 
of Bc^roiy) n S3 and yi G Bc^roiy) fl Sj for z = 1,2. If 1/1,1/2 are in distinct components of 
i?c4ro(l/)\S3! then there are disjoint stable embedded minimal disks ri,r2 C (2/) \S with 
dVi = 9Sj, and (after a rotation) graphs P- C Pi over D^csroiu) so that yi, 2/25 S3 are each 
in their own component of U'^^D^caroiy)) \ (X'l U P2) and P'i,P2 C {|x3 — x^^y)] < PcsTq}. 

Proof. This follows exactly as in the second step of the proof of Proposition |I.0.16| . □ 




Figure 17. The curve 73 in the proof 
of Theorem [LOSl . (73 = U 7'' U (Xg U 
7* U cr* U cr'^.) 
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Proof, (of Theorem [.0.8|) . Let Ni,Qi,e > be given by Theorem II.0.21| (with 



r 



Assume that A''i is even. Let /3 > be from Proposition [IIL1.1| . Set 

^ = min e, e/C„ (3/{6 [60 + 20 {N, + 3)])} /(5 fii) , (IIL2.2) 

where Ps, Cg are from Lemma |L0.9| . Let C2, C3, C4 and F- C Fj be given by Lemma |in.2.1| . 
Set C5 = (60 + 20 (A^i + 3))/3c3//3, so that C5 < 03/(30^1). Finally, set ci = 16fii. 

We will suppose that S3 is not a graph at z' G S3 and deduce a contradiction. Set 
z = 11(2;'). Since E3 separates yi,y2, it is in the slab between F'^,F2. Using Proposition 
lll.l.ll (with h = jSc^TQ/jS) and ( [1II.2.2| ), S contains an {Ni + 3)-valued graph over 



Dc^r^{z) \ Dc^ro{z) and is also in the slab. Let ag C be the {Ni + 2)-valued graph over 
dDc^roiz) (see fig. |l^). Let E be the region in n~^(Dc3ro/2(2) \ Dc^ro/i2ni){z)) between the 
sheets of the (concentric) (A''! + l)-valued subgraph of S^. 

The first step is to find a curve 73 C S containing ag so any stable disk with boundary 73 is 
forced to spiral. 73 will have six pieces: cr^, two segments, 7*, 7*, in which are graphs over 
a portion of the {a;i > Xi{z)} part of the Xi-axis, two nodal curves, a*, a^, in {xi = constant}, 
and a segment in dT,. Since E^ is a graph, there are graphs 7^,7'' C E^ over a portion 
of the {xi > xi{z)} part of the xi-axis from dag to y^,y^ G {xi = xi{z) + Sc^tq} fl E. 
By the maximum principle (as in the proof of Corollary p.l.3.1| ), there are nodal curves 
o"*,cr* C {xi = Xi{z) + Sc^vq} n E from y*,?/'', respectively, to yQ,yQ G 9E. Finally, connect 
?/o, ?/o by a curve a^ C 9E and set 73 = a* U 7^^ U U 7* U a* U a^. By [ [MeYa[ ], there is a 
stable embedded disk F C -Bcim \ ^ with dT = 73. Note that dT \ dB^g is connected. 

We claim that a*, a^ do not intersect between any two of the components {ai} of i?(c3_2c5)ro(^)'~l 
{xi = Xi{z) + Sc^tq} n Eg. If not, we can assume that a curve a C a* connects y^ to a 
point yo between ai, (Xj+i. By (a slight variation of) Proposition [1.0. 16| , the portion E^^g of E 
between the i-th and {i + l)-st sheets of B(^c3-cs)ro{z) ^^g\ ^^^{D2 cs roi^)) is a graph (in 
fact, "all the way around"). Note that B^c^roi^) ^ ^yo B^csroi^) ^ are in the same 
component of B^csroi^) flE, since else the stable disk between them given by [|MeYa]| would. 



using Lemma |I.0.9| , intersect E^. We can therefore apply the maximum principle as in the 
proof of Corollary [11.3. 1| (i.e., the case yo G aj for some j) to get the desired contradiction. 

We will show next that F contains an TVi-valued graph Tg over 7-0/2(2:) \ -Dc3ro/(2Qi)(-2;) 
with gradient < e, Il-^{Dc^ro/(2ni)(,z)) n {Tg)^ C {\x3-X3{z)\ < e C3 ro/(2 f^i)}, and a curve 
T] C Il~^{Dc3ro/(2ni){z)) n F \ dBrg connects F^ to dT \ dBr^. By the previous paragraph, 

distr(^ n F, dT) > C3 ro/(5 Vli) . (III.2.3) 



By (the proof of) Lemma (with h = C3 ro/(5 Qi) and = 5 fii p), ( [in.2.2[ ), and ( |in.2.3[) 
we have that each component of fl F is a multi- valued graph with gradient < 5 fii /5 < e 
Let (Tc C -E be a graph over dDc,jro/i2ni){.z). Using that separates n~-^((9Dc3ro/(2ni)(2))n7* 



and Tl~^{dDc3ro/{2ni){z)) fl 7'' in the cylinder Tl~^{dDc.^ro/{2ni){z)) (and the description of 
dT), there is a curve 77 C Tl~^ {Dc^ro/ (2 ni){z)) (IT \ dB^g from F fl to 9F \ dB^Q. Hence, 
since E is between the sheets of an {Ni + l)-valued graph, we get the desired F^. 

Combining all of this. Theorem [11.0.21j gives a 2- valued graph F^ C F over -Dcir-o/(2t7i)(2) \ 
Dc-iro/i2ni){z) with gradient < 1. Let 7 be the component of i?(2-2c3)ro n7 intersecting Bj.^^. 
Note that since d'y = {^1,2/2} is separated by the slab between F'^,F2 and 7 \ is C2ro- 
almost-monotone, F^ separates the endpoints of d^. Finally, as in the proof of Proposition 
1.0. 16[ , we must have F^ fl 7 7^ 0. This contradiction completes the proof. □ 
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Many variations of Theorem 1.0.8 hold with almost the same proof. One such is: 

Theorem III. 2. 4. There exist di > 8 and d2 < 1 so: Let C -Bdiro ^ be an embedded 
minimal disk with dT, C dBd^r^ and let y G dD^^o- Suppose that Si, S2 C S are disjoint 
graphs over D^raiu) with gradient < d2 and which intersect Bd^roiv)- If they can be connected 
in Bsro n S, then any component of Bro{y) fl S which lies between them is a graph. 



Part IV. Extending mult i- valued graphs off the axis 

In this section S C -B/jy C will be an embedded minimal disk with 9S C dBji^ 
contrast to the results of Part 0, S is no longer assumed to be stable. 

|, we can choose ^3 > 4 so that: If Tq C Bd^ g with OTq C dB^.^ g is stable 



In 



Note that, by 



then each component of B4S H Fq is a graph (over some plane) with gradient < 1/2. 

Proof, (of Theorem p.3|) . The proof has two steps. First, the proof of Theorem [I.0.8| and 
Lemma |II.3.8| give a stable disk F C Bji^ \ S and a 4-valued graph F4 C F so S*'^ "passes 
between" F4. Second, (a slight variation of) Theorem p. 1 1 . 2 . 4| gi ves the 2- valued graph E^^ C S. 
Before proceeding, we choose the constants. Let C3, 62 be given by Lemma p.3.8| (with 
= 4), di,d2 be from Theorem 1II.2.4| , and Cg,f3s be from Lemma L.0.9 . Set ri = 
min{r/(5 Cy), /9<i/5, ^2/10} and T2 = min{52/3, ri/(l + 3C3)}. Let A''i,f2i,e be given by 
Theorem [1I.0.21| (with r there equal to T2). For convenience, assume that A'^i > 16 is even, 
f^i > 4, and rename this e as ei. Set N = Ni + 3, Q = maxjc/i, 8 d^ Qi}, and 



e = min {ei, ei/(5 C,), /3,/5, 1/4, ^2/10} 
For N2 < N and Tq < r2 < < 1, let -^^^^3 the region in n~^(Dr3 \ D, 



'r2 

sheets of the (concentric) A^2- valued subgraph of S^,. Note that -E^^^s <^ {^3 ^ 



(IV.0.5) 

between the 
<e2 (x^+xi)}. 



As in the proof of Theorem [I.0.8| , let Og C be an (A'^i + 2)-valued graph over dD^^^ and 
let 73 C S be a curve with six pieces: a^, two segments, 7^,7'', in which are graphs over 
a portion of the positive part of the Xi-axis, two nodal curves, o"*, a^, in {x\ = 2 ^3 ro}, and 
9S. By ||MeYa|| , there is a stable embedded disk F C B^^ \ S with dV = 73. 

Let {cTj} be the components of -B5/8 H {xi = 2d^ ro} fl and suppose that a curve a C a* 
connects 7* to a point t/o between (Xj, cXj+i. By Theorem |111.2.4| , the portion with G S.^^ 
of E^^^^l^ n S is a graph. Note that -8^3 ro H S?/o ^^'^ -^sr'o are in the same component of 
-Brfyro nS, since else the stable disk between them given by ||MeYa|| would intersect (using 
|5c|). Applying the maximum principle as before gives the desired contradiction. Hence, 



(IV.0.6) 



a , a do not intersect between any of the cxi's. Therefore, if z G E^^^^^ ^^^^'^y then 

distr(z,aF) > |n(2)|/4. 

By the same linking argument as before, -^^3"^^ 1/2 ^ ^ contains an A^i-valued graph F^ over 
Di/2 \ D4dsrQ with gradient < SC^e, 11"^ (9/^4 (^3^,,) fl F^ C {|x3| < AedsVo}, and a curve 
7] C n-i(D4d3ro)nF\(95R, connects F^ to dT\dBR^. Since Vli < 1/(84^-0), Theorem pIOl 
implies that F contains a 2- valued graph F^ over Dr^/q,^ \ D^dsro with gradient < 'r2 < 1. 
In particular, F^ C {xg < t|(x^ + x^)}. Next, we apply Lemma P^I.3.8| to extend F^ to a 
4-valued graph F4 over -D5/jo/(6ni) \ D^a-^ro with gradient < T2 + 36*3X2 < ti. Let Er be the 
region in 11"^ (1)^^/(201) \ Di^daro) between the sheets of the (concentric) 3-valued subgraph 
of F4, so that Er C {x| < rf (x? + X2)}. 
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If 2; G -Er n S, then there is a curve 7^ C r4 with each component of 7^ \ Il^^{D5d3ro) 
a graph over the segment 70,2, d'jz = {v'^^yt}: and yl,yz are in distinct components of 
-B3|n(2)|/5(n(2)) n r with z between these components. By (a shght variation of) Theorem 
111. 2. 4 (using E U r as a barrier rather than just S), the portion of S inside -B_Ro/rfi -^r is 



a graph over This is nonempty since (S^) begins in Er, so we get the desired 2- valued 



graph with gradient < 5CgTi < r (by Lemma p^.O.Ql) . 

Appendix A. Catenoid foliations 



□ 



We recall here some consequences of the maximum principle for an embedded minimal 
surface S in a slab. Let Cat(y) be the vertical catenoid centered at y = {yi, y2, ys) given by 



0. Set 



Cat(y) = {x G I cosh2(x3 - y-^) = {xi - yif + {x2 - 2/2)^} • 

Given < 6^ < 7r/2, let dNg{y) be the cone 

{x I (x3 - y-sf = \x-y\^ sin^ 9} . 

Since cosht > t for t > 0, it follows that dNj,/4^{y) fl Cat{y) 

eo = mi{e\dNe{y)nCat{y) = (lS}, 

so that dNg^i^y) and Cat(y) intersect tangentially in a pair of circles. Let Cato(i/) be the 
component of Cat{y) \ dNg^^y) containing the neck {x | X3 = ys, (xi — yiY + (x2 — 1/2)^ = !}• 
If X G Cato(y), then yT^H Cato(y) = {x} since cosh is convex and cosh'(O) = 0; i.e., Cato(y) 
is a radial graph. Dilating Cato(y) (see fig. |l^) gives a minimal foliation of the solid (open) 



(A.l) 
(A.2) 
(A.3) 



cone 



Neoiy) = {x I (xs - ysf < |x - sin^ 6^0} . 
The leaves have boundary in dNg^ (y) and are level sets of the function fy given by 

y + {x- y)/fy{x) G Cato(y) . 

Choose [3a> ^ small so that {x | |x3 — ^3] < 2 13a h} \ Bh/s{y) C Ng^^^y) and 

{x I fyix) = 3 h/lQ} n{x\\x3-y3\<2l3Ah} C BjhMy) ■ 



(A.4) 
(A.5) 
(A.6) 





Angle Tf/n 



^ A rescaling of 
Cat{y) 



Figure 18. The catenoid foliation. Figure 19. An n-prong singularity. 

The intersection of two embedded minimal surfaces is locally given by 2n embedded arcs 
meeting at equal angles as in fig. 0, i.e., an "n-prong singularity" (e.g., the set where 



(x + iy)" is real); see claim 1 in lemma 4 of |[HoMe|] . This immediately implies: 

Lemma A. 7. If z G S C Ngg{y) is a nontrivial interior critical point of fy\j], then {x G 
S I fy{x) = fy{z)} has an n-prong singularity at z with n > 2. 

As a consequence, we get a version of the usual strong maximum principle: 



GRAPHICAL OFF THE AXIS 
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Lemma A. 8. If S C Neg{y)j then fy\j] has no nontrivial interior local extrema. 

Corollary A.9. If S C Bh{y)n{x\\xs-y3\ < 2/5^/i}, C dBh{y), smd B^h/Mn^ ^ 
then Bh/4{y) n S 7^ 0. 

Proof. Scahng O by 4, {x G S | = 3h/4} C 57;,/8(y) \ B^h/iiy)- By Lemma ^ 



fy has no interior minima in S so the corollary now follows from fy{x) < \x — y\. □ 
Iterating Corollary [A.9| along a chain of balls gives: 

Corollary A.IO. If S C {|x3| < 2/3^/^}, P,q e {xg = 0}, Th{-fp,g) n 9S = 0, and yp e 
Bh/A^v) ^ then a curve u C Th(cip q) fl S connects i/p to Bh/4^{q) fl S. 

Proo/. Choose yo = P,yi,y2, ■ ■ ■ ,yn = q & lp,q with - = /i/2 for i < n and |?/„_i - 
?/n| < ^/2. Repeatedly applying Corollary |A.9| for I < i < n, gives z/j : [0, 1] Bh{yi) fl S 
with z/i(0) = e Bhiiiyi) n S, and z/i+i(0) = z/i(l). Set i/ = U"^i i/j. □ 

This produces curves which are "/i-almost monotone" in the sense that ii y E then 
Bih{y) n has only one component which intersects B2h{y)- 

Corollary A. 11. If S C {{x^l < 2 /i} and E is an unbounded component of \ 
Tft,/4(n(9S)), then n(s) n E = 0. 

Proof. Given y E E, choose a curve 7 : [0, 1] \T/j/4(n(9S)) with |7(0)| > sup^.^^ I^^l + h 

and 7(1) = y. Set = {x G S | f^(t){x) = 3h/16}. By ([XJ), C 57V32(7(^)), so that 
Sq = and fl 9S = 0. By Lemma A .81 , either = or contains an arc of transverse 



intersection. In particular, there cannot be a first t > with 7^ 0, giving the corollary. □ 
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